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Abstract 

We solve the direct and inverse spectral problems for Dirac operators on (0, 1) with 
matrix-valued potentials whose entries belong to L p (0, 1), p £ [1, oo). We give a complete 
description of the spectral data (eigenvalues and suitably introduced norming matrices) for 
the operators under consideration and suggest a method for reconstructing the operator 
from the spectral data. 

1 Introduction 

The aim of the present paper is to solve the direct and inverse spectral problems for self-adjoint 
Dirac operators generated by the differential expressions 

1/J 0W /0 q 
q ' i V° -V dx \q* 

and some separated boundary conditions. Here q is an r x r matrix-valued function with entries 
belonging to L p (0, l),pG [1, oo), called the potential of the operator, and I is the identity r x r 
matrix. For such Dirac operators, we introduce the notion of the spectral data - eigenvalues 
and specially defined norming matrices. We then give a complete description of the class of 
the spectral data for the operators under consideration, show that the spectral data determine 
the operator uniquely and provide an efficient method for reconstructing the operator from the 
spectral data. 

Direct and inverse spectral problems for Sturm-Liouville and Dirac operators [U El E] have 
been studied over the last 50 years. Already in 1966, M. Gasymov and B. Levitan suggested 
using the spectral function or the scattering phase for reconstructing Dirac operators on a half- 
line jU |5]. Ever since, direct and inverse spectral problems for Dirac operators, including the 
systems of higher orders, have been considered in many papers. Among the recent investigations 
in that area we mention the ones by M. Malamud et al. [SI El E], F. Gesztesy et al. [HI QUI ITT] - 
A. Sakhnovich [T2| IT5] . Problems similar to the ones considered in this paper were recently 
treated by D. Chelkak and E. Korotyaev for Sturm-Liouville operators with matrix- valued 
potentials [HI [15]. We refer the reader to the references in [6] [15] for further results on the 
subject. 

The direct and inverse spectral problems for Dirac operators with summable scalar poten- 
tials were solved in [16J, where an algorithm for reconstructing the operator from two spectra or 
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from one spectrum and the norming constants was suggested. Later, using the technique that 
was suggested in [T7] for solving the inverse spectral problems for Sturm-Liouville operators 
with matrix- valued potentials, the case of Dirac operators with square-integrable matrix- valued 
potentials was considered in |18j . Therein, a complete description of the spectral data was given 
and a method for reconstructing the operator from the spectral data was suggested. 

In this paper we extend the results of [18] to the case of Dirac operators with summable 
matrix- valued potentials. However, as compared with the special case q G L 2 , it turns out that 
more general one q G L p , p > 1, meets some conceptual and technical difficulties. 

In particular, the description of the spectral data in [IB] involves a precise asymptotics 
of eigenvalues and norming matrices, which is not available for the operators with summable 
matrix-valued potentials. Namely, the proofs of the asymptotics in [18] were based on the 
results of [T9| [20] that are applicable only for p = 2. To prove similar statements for p > 1 
one may need analogues of the results of J2TJ covering matrix-valued functions, but to the best 
of the author's knowledge these are not known yet. Furthermore, it turns out that we cannot 
separate the asymptotics of eigenvalues and the asymptotics of norming matrices under the 
present assumptions on the potential. 

Instead, as opposed to the case p = 2, we formulate the description of the spectral data 
involving an auxiliary object which is the restriction of the Fourier transform of the spectral 
measure (see Theorem 1 1 . 1 1 and Definition 11.1 1 below and compare with Theorem 1.1 in [IS])- The 
latter is easy to construct given the spectral data and turns out to contain all the information 
about the potential. 

Further, as compared with the case p = 2, while dealing with p > 1 one also has to reconsider 
another condition involved in the description of the spectral data, i.e. the one on ranks of the 
norming matrices. Although the claim of the condition remains the same, technique of the 
proof that was used for p = 2 fails for p > 1. Instead, we introduce the approach based on the 
theory of Riesz bases. In particular, new our approach uses a vector analogue of well-known 
Kadec's 1/4-theorem (see Appendix [C]) , which plays an auxiliary role in this paper but may be 
used while solving other problems having to do with vector-valued functions. 

From the practical point of view, a method for reconstructing the operator from the spectral 
data appears the same as for operators with square-integrable potentials and essentially consists 
in solving certain integral equation (see Theorem 11.41 and further comments on it). The paper 
is theoretical, but the results can be used in practical applications where the inverse spectral 
problems for Dirac operators with matrix- valued potentials arise. For instance, inverse problems 
for quantum graphs, which are of practical importance in nanotechnology, microelectronics, etc. 
(see, e.g., [22]) in some cases can be reduced to the inverse problems for operators with matrix- 
valued potentials. As compared with the case considered in p2], the results of the present 
paper allow stronger singularities of potentials which is important for applications. 

The paper is organized as follows. In the reminder of this section we give a precise setting 
of the problem and formulate the main results. In Section 2 we provide some preliminaries: 
we introduce the Weyl-Titchmarsh function and establish the basic properties of the operators 
under consideration. In Sections 3 and 4, respectively, we solve the direct and inverse spectral 
problems. Several spaces used in this paper are introduced in Appendix |A] In Appendix [B] we 
recall some facts on the factorization of integral operators. Finally, Appendix O is devoted to 
some auxiliary facts on the theory of Riesz bases. 

1.1 Setting of the problem 

Firstly, we introduce the space of potentials for Dirac operators considered in this paper. Let 
M r denote the set of r x r matrices with complex entries, which we identify with the Banach 
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algebra of linear operators C r — > C r endowed with the standard norm. We write I = I r for the 
unit element of M r and M+ for the set of all matrices A G M r such that A = A* > 0. We set 

O p :=L p ((0,l),M r ), pe[l,oo), 

and endow H p with the norm \\q\\a p := f Jq 1 ||g(s)|| p dsj , g G p . The space H p will serve as 
the space of potentials for Dirac operators under consideration. 
Let q G Q. p , p G [1, oo), denote 



i \o -i J ' v^* 

and consider the differential expression 

V =^+q (1.D 

on the domain 

D(i q ) = {y := (y u y 2 ) T \y u y 2 eWK(0A),C r )}, 

where W L 1 ((0, 1), C r ) is the Sobolev space. The object of our investigation is the self-adjoint 
Dirac operator T q generated by the differential expression (II .ip and some separated boundary 
conditions: 

T q y = t q (y), 

D(T q ) = {ye D(i q ) | t q (y) G L 2 ((0, 1), C 2r ), yi(0) = y 2 (0), y x (l) = y 2 (l)}. 

The function g G P will be called the potential of the operator T q . 

The spectrum o~(T q ) of the operator T q consists of countably many isolated real eigenvalues of 
finite multiplicity, accumulating only at +oo and — oo. We denote by Xj(q), j G Z, the pairwise 
distinct eigenvalues of the operator T q labeled in increasing order so that Xo(q) < < Xi(q), 
i.e. 

tr(T 9 ) = {A i (g)} i62 , A (g) < < Ax(g). 

Further, denote by m q the Weyl-Titchmarsh function of the operator T q (see, e.g., [5]). The 
function m q is a matrix-valued meromorphic Herglotz function (i.e. such that Imm 9 (A) > 
whenever Im A > 0), and {Xj(q)}j e z is the set of its poles. We set 

a j(l) := — res m q{X), j G Z, (1.2) 

\=\j(q) 

and call ocj(q) the norming matrix of the operator T q corresponding to the eigenvalue Xj(q). 
For every j G Z, the norming matrix acj (q) is non-negative and multiplicity of the eigenvalue 
Xj(q) equals the rank of aij(q). 

The sequence a q := ((Xj(q), aij{q)))jez will be called the spectral data of the operator T q , 
and the matrix-valued measure 

oo 
j=-oo 

will be called its spectral measure. Here 5\ is the Dirac delta-measure centered at the point A. 
In particular, if q = 0, then 



no = u ™- ( L4 ) 



3 



We give a complete description of the class 



% ■■= {a q \ q e P } 

of the spectral data for the operators under consideration, which is equivalent to the description 
of the class DJl p := {fi q \ q G Q. p } of the spectral measures. We then show that the spectral data 
of the operator T q determine the potential q uniquely and suggest a method for reconstructing 
this potential from the spectral data. 



1.2 Main results 

We start from the description of the spectral data for the operators under consideration. In 
what follows, a will stand for an arbitrary sequence pretending to be the spectral data of some 
Dirac operator T q , i.e. a := [(Xj, aj))j e z, where (Xj)j £ z is a strictly increasing sequence of real 
numbers such that Ao < < Ai and atj, j G Z, are non-zero matrices in M+. 
Given the sequence a, denote by /i a a matrix-valued measure given by 

oo 

M ° := Yl «A (1-5) 

j=-00 

and pretending to be the spectral measure. With every measure /x := /i n of the form (11.51) we 
associate a C r -valued distribution 



where S r is the Schwartz space of rapidly decreasing C r - valued functions (see Appendix |A|) . 
Now we introduce a kind of the Fourier transform of /i a : 

Definition 1.1 For an arbitrary measure \x := fi a of the form U.5\) we denote byjla C r -valued 
distribution given by the formula 

where 

oo 

/(A) := f e 2iXs f(s) ds, A G R. (1.6) 



We denote by the restriction of the distribution ju — ju to the interval [—1, 1], i.e. 

(H„f):=&-i2 J), feS r , supp/C [-1,1], (1.7) 
where /Jo given by fll.^|) is the spectral measure of the free operator Tq. 



The distribution H^, // := fi a , plays an important role in establishing whether the sequence 
a is the spectral data of some operator T q . Namely, we partition the real axis into pairwise 
disjoint intervals A n , n G Z, by setting 

. / 7T 7T 

A„ := 7rn , im H — 

V 2 2. 

Then the following theorem gives a complete description of the class 2l p of the spectral data 
for Dirac operators under consideration: 
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Theorem 1.1 In order that a sequence a := ((Aj, aj))j e z should belong to p > 1, it is 
necessary and sufficient that the following conditions are satisfied: 

( B i) Ea j£ a„ \ nn ~ X j\ = and ll J - J2x jE A n "ill = °(!) as M -> °°; 

(B 2 ) 3N G N WN G N : iV > iV £ Aj . eAn rank a, = (2JV + l)r; 

(-B3) t/ie system of functions {e lXjt d \ j G Z, a 1 G Ran <x,} zs complete in L 2 ((— 1, l),C r ); 

(54) i/ie distribution H^, fi := /i a ; belongs to L p ((—1, l),M r ). 

Remark 1.1 T/ras, m particular, the distribution H^, \x := fi", turns out to be regular for all 
a G In #iis case, H^(x) can be formally defined by the formula 

h m = E ( E e2iA ^- - e2i ™ IJ ) > x G !)» ( L8 ) 

oirf i/ie convergence of this series in L p ((— 1, 1), M r ), p > 1, is difficult to establish without 
knowing the precise asymptotics of eigenvalues and norming matrices. The proof for the case 
p = 2 is given in ffitf . 

Further, it turns out that the spectral data of the operator T q determine the potential q 
uniquely: 

Theorem 1.2 For all p > 1, the mapping 0. p 3 q 1— > a q G 2l p is bijective. 

This allows a possibility to reconstruct the operator from the spectral data. 

As in [XTf [18] . we base our reconstruction algorithm on Krein's accelerant method: 

Definition 1.2 We say that a function H G Li((— 1, 1), M r ) is an accelerant if H(—x) = H(x)* 
a.e. on (—1, 1) and for every a G (0, 1] the integral equation 

a 

f(x) + J H{x - t)f{t) dt = 0, x G (0, a), 


has only zero solution in L 2 ((0, a), C r ). We denote by $) p , p > 1, the set of all accelerants 
belonging to L p ((—1, 1), M r ) and endow Sj p with the metric of the space L p ((— 1, 1), M r ). 

Equivalently, it is known (see, e.g., [TO]) that an arbitrary function H G L p ((— 1, 1), M r ), p > 1, 
belongs to Sj p if and only if the Krein equation 

X 

R{x , t) + H{x - t) + J R{x , s) H {x - s)is = , (,, t)en , (1.9) 



where Q := {(x,t) | < t < x < 1}, is solvable in G p (M r ) (see Appendix |A|) . In this case, a 
solution of (II. 9p is unique and we denote it by Rn(x,t), (x,t) G Q. 
We define the Krein mapping : Sji — > 0.\ by the formula 

[Q(H)](x) := iR H (x,0), XG(0,1). (1.10) 

This mapping provides a one-to-one correspondence between accelerants H G $) p and potentials 
q e H p : 
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Theorem 1.3 For all p > 1, the Krein mapping is a homeomorphism between the metric 
spaces $) p and £} p . 

We use the Krein mapping to reconstruct the potential q from the spectral data of the operator 
T ■ 

-Lq- 

Theorem 1.4 Given an arbitrary sequence a £ 2l p , set \i := \i a and H := H^. Then H £ fi p 
and a = a q for q = &(H). 



Therefore, Theorems 11.21 and 11.41 provide an efficient method for reconstructing the Dirac 
operator T q from the spectral data. Namely, given an arbitrary sequence a £ 2l p being the 
spectral data of some Dirac operator T q , construct the matrix- valued measure \i := fi a by the 
formula (11.50 ; set H := by the formula (11.71) or (11.81) ; substitute H into the Krein equation 
(11. 9p and find Rh', find the potential q = Q(H) by the formula (11.101) . That the potential q is 
the one looked for follows from the fact that the Dirac operator T q has the spectral data a we 
have started with. 

The method can be visualized by means of the following diagram: 

% 3 a ^ n := fi a ^3 H := H„ ^ q = Q(H) £ Q p . 

Sl S2 S3 

Here Sj denotes the step number j. The steps Si and S2 are trivial. The basic and non-trivial 
step is s 3 , which requires solving the Krein equation (jl.9p . 

Remark 1.2 One can similarly consider the Dirac operators with general separated boundary 
conditions. However, the description of the spectral data would be more complicated since the 
spectrum of the free operator T (subject to q = 0) is more involved in this case. The author 
plans to consider the operators with general (not necessarily separated) boundary conditions in 
a forthcoming paper. 



2 Preliminary results 

Here we introduce the Weyl-Titchmarsh function and establish the basic properties of the 
operator T q . The material of this section mainly follows [IB] but forms the essential base for 
further considerations. 

2.1 The Weyl— Titchmarsh function of the operator T q 

We start from constructing the Weyl-Titchmarsh function of the operator T q . 
Let q £ Op, p > 1. Set 

a :=-!(/, -/) 

so that the boundary conditions yi(0) = 1/2(0), yi(l) = 1/2(1) can be written in the form 

ay(0) = ay{l) = 0. 

The multiplier i provides the normalization aa* = I. 

Denote by u q (-, A) £ Wl((0, 1), M 2r ), A £ C, a matrix-valued solution of the Cauchy problem 

— — u + qu = Am, u(0, A) = l2 r , 
ax 
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and set 

<f q (x, A) := u g (x, \)$a*, 4> q (x, A) := u g (x, X)a* (2.1) 
so that the 2r x r matrix- valued functions ^p q (x, A) and i/j q (x, A) solve the Cauchy problems 

tfjLp + q(p = Xip, <p(0,\) = $a*, (2.2) 
ax 

and 

#-^ip + c& = Xip, V(0,A) = a*, 

respectively. 

Next, define the r x r matrix-valued functions s g (X) and c q (X) by the formulae 

Sg(A) := aip q (l, A), Cg(A) := ai/; q (l, A). (2.3) 

Then the function 

m q (X) := - Sg (A)- 1 c 9 (A) (2.4) 

is called the Weyl-Titchmarsh function of the operator T q . 

Repeating the proofs in [18], which were done for the case of square-integrable potential, 
one can prove the following lemma claiming the basic properties of just introduced objects: 

Lemma 2.1 (i) For every q G 0. p , p > 1, taere exists a unique matrix-valued function 
K q G Gp(M 2r ) (see Appendix \A~\) sitcA t/iat /or all X e C and x G (0, 1), 



V? 9 (x, A) = y?o(:r, A) + y /^(x, s)y? (s, A) ds, (2.5) 

o 

u>aere 

1 / e iXx I 

is a solution of (OOP in the free case q = 0; moreover, the mapping 0. p 9 ^ 4 if ? e 
Gp (M 2r ) is continuous; 

(ii) the functions s q (X) and c q (X) are entire and allow the representations 

i 

s q (X) = (sinA)/ + J e iXt g q (t) dt, (2.6) 
-i 

i 

c ? (A) = (cosA)/ + y e iA '/i g (t) dt, (2.7) 
-l 

where g q and h q are some (depending on q) functions in L p ((— 1, 1), M r ); moreover, the 
mappings H p 3 q g q G L p ((— 1, 1), M r ) and 0. p 3 q h q E L p ((— 1, 1), M r ) are 
continuous; 

("mj £/ie operator functions X h- >■ s 9 (A) _1 and A h- >■ m q (X) are meromorphic in C; moreover, 
m (A) = —(cot A)/ and 

||m ff (A) + (cot A)/|| = o(l) (2.8) 
as A oo within the domain O = {z £ C | Vn G Z |z — 7rn| > 1}. 
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Sketch of the proof. Repeating the proof in [18] and using the results of |23j , one can show that 
there exist unique matrix-valued functions P + ,P~ G Gj~(M 2r ) such that for all x G (0, 1) and 
A G C, 

fX fX 

u q (x,X) =e~ Xx ^+ / P+(x,s)e- x(x - 2s)i> ds + / P~(x, s)e x{x - 2s ^ ds. 
Jo Jo 

Then, by virtue of definitions (12. ip and (12.31) . straightforward calculations lead us to the rep- 
resentations (I2.5p . (12. 6p and (12. 7p . Moreover, since the mappings 0. p 3 q >->■ P 1 * 1 G Gi" (M 2r ) 
are continuous (see [23]), the mappings Q p 3 q ^ K q e Gp(M 2r ) and P 3 q g q ,h q & 
L p ((— 1, l),M r ) remain continuous. Thus we obtain parts (i) and (ii) of the present lemma. 

To prove part (iii), observe that by virtue of the representations (I2.6p . (12. 7p and Lemma 1X^21 
we have 

lim e- |ImA| || S(2 (A) - (sinA)/|| = lim e - |ImA| ||q,(A) - (cosA)/|| = 0. 

|A|— >oo |A|— 5>oo 

Therefore, s q (X) is invertible for all A G O large enough, so that m q is meromorphic and (12. 8p 
holds true. □ 

It will follow that poles of the Weyl-Titchmarsh function m q are eigenvalues of the Dirac 
operator T q . Given also the corresponding residues of m q , it is possible to find the potential q. 

2.2 Basic properties of the operator T q 

Here we establish the basic properties of the operator T q . We set 

H:=L 2 ((0,l),C)xL 2 ((0,l),C) 

and denote by J" the identity operator in H. For an arbitrary q G Q. p , p > 1, and A G C, 
denote by 3> g (A) the operator acting from C to H by the formula 

[<$> q {X)c)(x) := <p q (x,X)c. 

Taking into account (12.51) . we obtain that for all A G C, 

$ 9 (A) = (^ + jr 9 )$ (A), (2.9) 

where J^ q is an integral operator in M with kernel K q (see Lemma [2.11 part (i)) and 

[<fo(A)c](x) = -L ( f*J T ) c. (2.10) 



V2i V e " J 

The following lemma claims basic properties of the operators $ g (A). Particularly, the second 
part of the lemma is important: 

Lemma 2.2 For all q G 0. p , p > 1, and A G C, 

ft 

ker$ 9 (A) = {0}, Ran$;(A) = C r , (2.11) 

where $*(A) := [$ ff (A)]*; 

ker(T 9 - \J) = $ g (A) ker s ? (A). (2.12) 
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Proof. Since the operator + ,ff q is a homeomorphism of the space HI, part (i) easily follows 
from 023} and (l2~TUj) . 

To prove part (ii), note that for all c G kers g (A) the function f(x) := f q (x, X)c verifies 
the equality fif + q/ = Xf and the boundary conditions a/(0) = af(l) = 0. Conversely, the 
generic solution of the problem 

0/' + q/ = A/, a/(0) = 0, 

takes the form f(x) = ip q (x,X)c, c G C r , while the boundary condition af(l) = means 
c G kers g (A). Therefore, the equality (I2.12p follows. □ 

Now, denote by Xj := Xj(q), j G Z, the pairwise distinct eigenvalues of the operator T q 
labeled in increasing order so that A < < Ai, and let a, := ctj(q) be the corresponding 
norming matrices defined by ( 11.21) . Then the basic properties of the operator T q are formulated 
in the following theorem: 

Theorem 2.1 Let q G Q. p , p > 1. Then the following statements hold true: 
(i) the operator T q is self- adjoint; 

(ii) the spectrum c(T q ) of the operator T q consists of isolated real eigenvalues of finite multi- 
plicity and, moreover, 

a(T q ) = {XeC\ ker S ,(A)^{0}}; 
(Hi) denote by P q j the orthogonal projector onto ker(T,j — \jJ°); then 

oo 
3=—oo 

(iv) for every j G Z the norming matrix aj is non-negative and 

P qjj = ^(A^a^CAy). (2.14) 

The proof of Theorem 12.11 repeats the proof in [18] . In particular, part (ii) together with (12.41) 
implies that eigenvalues of the operator T q are poles of the Weyl-Titchmarsh function m q . 

By virtue of the relations (12.91) . (12.131) and (I2.14p . the operators $ g (A) and the function K q 
from Lemma 12.11 will play an important role in this investigation. 

3 Direct spectral problem 

Here we prove the necessity part of Theorem ll.il we show that for an arbitrary potential q G P , 
p > 1, the spectral data of the operator T q satisfy the conditions (Bi)-(E>4). Throughout this 
section we use the abbreviations Xj := Xj(q) and aj := ctj(q) for eigenvalues and norming 
matrices of the operator T q , respectively. 

3.1 Condition (B x ) 

In this subsection we prove the following proposition: 
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Proposition 3.1 For an arbitrary potential q G Q. p , p > 1, the spectral data a q of the operator 
T q satisfy the condition (B{), i.e. the following asymptotics hold true: 

\im — \j\ — o(l), |n| — )■ 00, (3.1) 

and 



A,eA r , 



o(l), \n\-Kx, (3.2) 



where A n := (to — ~, 7rn + ~] . 



As in [IB] , the proof of Proposition 13. II is based on the claim that eigenvalues of the operator 
T q are zeros of certain entire function. However, as opposed to the case of square-integrable 
potential, we can establish only the rough asymptotics of eigenvalues and norming matrices. 
Thus, we start the proof of Proposition 13.11 from making the following remark: 

Remark 3.1 As follows from Theorem \2.1l part (ii), the eigenvalues (Xj)j £ z of the operator 
T q are zeros of the entire function 

s q {\) := dets,(A). (3.3) 

Since the function s q (X) allows a representation K2. 6}) . repeating the proofs in fWf one can use 
Rouche's theorem to show that the set of zeros of the function H q (X) can be indexed (counting 
multiplicities) by numbers n G Z so that the corresponding sequence (£„) n ez has the asymptotics 

i nr+ j = 7m + o(l), j = l,...,r, |n|->-oo. (3.4) 

Further, it also follows that the set of zeros of the entire function 

c q (X) := detCg(A) 

can be indexed (counting multiplicities) by numbers n G Z so that the corresponding sequence 
(Cn)nez has the asymptotics 

V 



Cnr+j = tc yn + -j + o(l), j = l,...,r, |n|-+oo. (3.5) 

Now the proof of Proposition 13.11 is straightforward: 
Proof of Proposition \3.1\ Since, by Remark 13. 1[ eigenvalues [Xj)j e % of the operator T q are 
zeros of the entire function s g (A), the asymptotics (13.1 p directly follow from ( 13. 4p . Thus it only 
remains to prove ( 13. 2p . 

For n£Z denote 

/?„:=/- a r 

It follows from the definition ( II. 2p of aj and from the asymptotics (13. ip of (Aj)j e z that there 
exists %6N such that for all n G Z, |n| > n , 

= f m q (X) dA. 

Therefore, for all n G Z, Inl > no, 



2m 

[A-7rn|=l 



P n = ^~ j K(A) + (cot A)/) dA. 



|A-7rn|=l 

Now taking into account (12.81) . we observe that \\fi n \\ = o(l), \n\ — > 00, as desired. □ 
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3.2 Conditions (B 2 ) and (B 3 ) 

In this subsection we prove that the spectral data for the operators under consideration satisfy 
the conditions (B 2 ) and {B 3 ). We start from proving the condition (B 2 ): 

Proposition 3.2 For an arbitrary potential q £ 0. p , p > 1, the spectral data a q of the operator 
T q satisfy the condition (B 2 ), i.e. there exists N £ N such that for all natural N > N , 

N 

J2 ranka i = (2JV + l)r. (3.6) 

n=~N Aj-eAn 

The proof of Proposition 13.21 involves a technique based on the theory of Riesz bases. How- 
ever, before starting the essential part of the proof we have to establish some auxiliary results. 
Namely, recalling Remark 13.11 claiming that eigenvalues {Xj)jsz of the operator T q are zeros of 
the entire function 3g(A), we need to prove the following lemma: 

Lemma 3.1 Let rij, j £ Z, denote the multiplicity of zero Xj of the function s g (A). Then there 
exists Ni £ N such that for all Xj £ A n , \n\ > Ni, 

rij = ranka-,-. (3-7) 

Proof. Firstly, observe that by virtue of the relations (12. lip . (12.121) and (I2.14p . we have 

dimker s q (Xj) = ranka^, j £ Z. 

Since 

s q (X) = s q (Xj) + 0(A - Xj), X ->■ Xj, 

one can easily find that 

rij > rankaj, j £ Z. (3.8) 
Now let us show that there exists Ni £ N such that for all Xj £ A n , \n\ > Ni, 

rij < rankctj. (3-9) 

Indeed, since the function m q (X) is meromorphic in C and has a pole of first order at point 
Xj (see, e.g., (25]), we find that 

m ^ A ) = A^A7 + *' (A) ' (3 ' 10) 

where the function gj(X) is analytic in the neighborhood of Xj. Denote by Qj an orthogonal 
projector onto Rana^ and set 

Qj(X) := (I - Qj) + (A - Xj)Qj. 
Then it follows from (I3.10p that the function 

A ^ Qj(X)m q (X) 

is bounded in the neighborhood of Xj. Furthermore, observe that by virtue of the asymptotics 
(13. 5p of zeros of detc g (A), the function A (-> c g (A) _1 is analytic in the neighborhood of Xj for 
large values of |Aj|. 
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Now, since m q (X) = —s q (X) 1 c q (X) (see f)2.4p ). we find that the function 

g i (A) Sg (A)- 1 = -g,(A)m,(A)c,(A)- 1 
is bounded in the neighborhood of Xj for large values of |Aj|. Therefore, since 



detQ i (A)s,(A)- 1 



(A - XjY^i 



we observe that there exists iVi G N such that for all Xj G A n , \n\ > iVi, the inequality f)3.9|l 
holds true. Together with f l3.8|) . this proves the lemma. □ 

Now, recalling the asymptotics f)3.4p of zeros of Sq(A), we arrive at the following corollary 
which was the purpose of Lemma 13.11 

Corollary 3.1 There exists JV 2 eN such that for all n G Z, |n| > N 2 , 



rank 

A,eA n 



oij = r. 



Now we can proceed to the principal part of the proof involving the theory of Riesz bases. 
The approach is based on Lemma 13.21 below, which will be used in solving both the direct and 
inverse spectral problems. The proof of the Lemma 13.21 uses a vector analogue of well-known 
Kadec's 1 / 4-theorem which is established in Appendix ICl 

Thus, let a := ((Xj, aj))j e x be an arbitrary sequence where (\j)jez is a strictly increasing 
sequence of real numbers such that A < < Ai and aj, j G Z, are non-zero matrices in M+. 
Since the matrices aj, j G Z, are self-adjoint and non- negative, for every j G Z there exists a 
system of pairwise orthogonal vectors {vj t kYk=i ° J i n C r sucri that 



rank a, 



^2 ( ' \ V 3,k) V 3,k- (3-11) 



k=l 



Denote by e^, k — 1, . . . , r, a standard orthonormal basis for C r . Then the following lemma 
holds true: 



Lemma 3.2 Lei o := ((Aj, ctj))jez be an arbitrary sequence satisfying the asymptotics \3. 1\) 
and A3. IP , and assume that there exists N G N suc/i t/iat /or a// n G Z, |n| > iVo, 

\J rank<x,=r. (3-12) 

Then there exists N\ G N suc/i i/iai /or a// natural N > Ni the system U £>at, where 

1 

71 



£jv : = <j -^e 1 ™^ I n G Z, \n\ < N, s = l,...,r\ (3.13) 



and 

B N ■= {e iX]t v jik | Xj G A n , > N, 1 <k < rank a, } , (3.14) 
is a Riesz basis for the space % := L 2 ((— 1, 1), C r ) (see Appendix 



12 



Proof. We prove the lemma by applying Theorem IC.ll As follows from the equality fj3.12j) . 
for all n G Z, \n\ > N , the system 

V n := {vj t k | Xj G A„, 1 < k < rankctj} 

consists of exactly r vectors. Moreover, since 

\\I-fi n \\ =o(l), |n|->oo, (3.15) 

where 

fin ■= ^2 a i> ( 3 ' 16 ) 

A 3 -eA„ 

we claim that N can be taken so large that for all n G Z, |n| > iVo, the system forms a 
basis for the space C r . 

For n G Z, \n\ > N , we denote by v4 n the operator acting in C' r by the formula 

AnVj^k = XjVj^k, Vj t k G V n , Xj £ A n , 

and set B n to be an operator transforming a standard orthonormal basis for C r into the basis 
V n . It follows from the asymptotics (13. ip and (13. 2 p that there exists a natural Ni > N such 
that 

\\A n - irnl\\ < In 2, |n| > iVi. (3.17) 

Moreover, let us show that 

sup (||B n || + WB^W) < oo. (3.18) 

|n|>JVi 

Indeed, since 

^ ( ■ = Pn, 

where /3 n is self-adjoint non- negative matrix given by (I3.16p . we observe that for all |n| > Ni the 
vectors /3 n _1 v j,k, where Vj t k G V n , form an orthonormal basis for C r . Therefore, B n = P n ^ 2 U n , 
where U n is a unitary matrix in M r . Since, by virtue of (I3.15p . we have 

sup (W^W + ||AT 1/2 ||) < oo, 

\n\>Ni 

fl3TTg|) follows. 

Therefore, taking into account (I3.17P and (I3.18p . we find from Theorem IC.ll that for all 
natural N > N\ the system En U Bn forms a Riesz basis for the space H, as desired. □ 

Now we use Lemma 13.21 and Corollary 13.11 to prove Proposition 13.21 
Proof of Proposition \3. 6 A Since the norming matrices aj, j G Z, are self-adjoint and non- 
negative, for every j G Z there exists a system of pairwise orthogonal vectors {^fc}^^" 3 in C r 
such that (13. lip holds true. 

Observe that by virtue of Proposition 13.11 and Corollary 13.11 the conditions of Lemma 13.21 
are satisfied. Hence, it follows from Lemma 13.21 that there exists Ni G N such that for all 
natural N > Ni, the system En U Bn (see (I3.13P and (I3.14p ) is a Riesz basis for the space 
% := Li2{{— 1, 1),C). Therefore, Proposition 13.21 will be proved if we show that the system 

B ■= {e iAj Xfc | J e Z, 1 < k < rank a, } (3.19) 
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also forms a basis for %. Indeed, since Bn C Bq and 

B \B N = {e iXjt v jt k | Aj G A n , < JV, 1 < < rank a., } , 

we then obtain that for all natural N > N 1: the finite systems Bq \ Bn and Sn consist of the 
same number of elements. Obviously, this implies the claim of Proposition 13.21 
Thus let us prove that Bo is a basis for "H. Indeed, since the operators 

P 9d := 'I',iA,)n ; <I.;;iA ; ). j G Z, 

form a system of pairwise orthogonal projectors in the space H (see Theorem 12. ip and 

oo 
j=-oo 

we find that the system 

A. q := {^ q (Xj)vj t i t | j G Z, 1 < k < rank a,} 

is a basis for the space H. Since $ ? (A) = (J^ + ^)$o(A) and the mapping + .J^ q is a 
homeomorphism of H, we observe that the system 

*4o := {^o(Xj)vj ! k | j G Z, 1 < k < rankctj} 

remains a basis for H. Now introduce the unitary mapping V : H — » H acting by the formula 

(V/)(t)=(/(-t), f(t))\ tG(0,l), 

and note that V maps the function e lXjt Vj^ to $o(Ay)%fe for all j G Z, 1 < fc < ranka^. 
Therefore, the system Bq is a basis for the space %, as desired. □ 

In particular, from the proof of Proposition 13.21 we also obtain the following: 

Corollary 3.2 For an arbitrary potential q G Q. p , p > 1, the spectral data a q of the operator 
T q satisfy the condition (B3), i.e. the system 

X := {e iX ^d I j G Z, d G Ran aj } (3.20) 

is complete in L 2 ((— 1, 1), C r ). 

Proof. It follows from the proof of Proposition 13.21 that the system Bq given by (13.191) is a basis 
for the space H := L 2 ((— 1, 1), C). Therefore, we immediately obtain that X L = (linSo) -1 = 
{0}, as desired. Here lin£> denotes the linear span of Bq. □ 

3.3 The Krein mapping. Proof of Theorem 11.3 

Thus, it remains only to prove that the spectral data for the operators under consideration 
satisfy the condition (-B4). In order to do this, we need to look into some properties of the 
Krein mapping B given by (11.101) . In particular, here we prove Theorem 11.31 claiming that for 
all p > 1 the mapping 8 is a homeomorphism between the space S) p of accelerants and the 
space Hp of potentials. 

We start from the following remark: 
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Remark 3.2 It obviously follows from the results of AppendixWl that for allp > 1, the mapping 
H i — y Q(H) := iRn(-, 0) acts continuously from S) p to Hp. 

Now, for an arbitrary accelerant H G Sj p denote by &h a self-adjoint integral operator in 
HI with kernel 

Fh ^ := \{h{^) /(-IS))' 0<x,t<l. (3.21) 

Then the following proposition explains a natural connection between an accelerant H and the 
corresponding potential q := Q(H): 

Proposition 3.3 For an arbitrary accelerant H G S) p , 

(i) there exists a unique function L H G G p (M 2r ) such that 

y + ^ H = (J? + J? H )- 1 (J? + J? H *)- 1 , (3.22) 
where Jzf# G ^ p + (M 2r ) is an integral operator in H with kernel Lh; 

(ii) L H = K q for q = Q(H). 

Proof. Part (i) of the present proposition directly follows from Lemma TB. 11 To prove part (ii), 
note that for all p > 1 the set fj p is open in L p ((—1, 1), M r ), and thus the set SjiC\C([—l, 1], M r ) 
of continuous accelerants is dense everywhere in S) p . Therefore, there exists a sequence (H n ) ne ^, 
H n e fa n C([-l, 1], M r ), such that 



lim - if n « p = 0. 

71— >00 



Then it follows from [18] that for all nGN, 

L Hn = K qn , q n = Q(H n ). (3.23) 

Now, by virtue of Theorem IB.21 we find that the mapping $j p 3 H i— >• G (M2 r ) is 
continuous. From the other side, it follows from Lemma [2.11 that so is the mapping 0. p 3 q i— > 
Kg G Gp(M 2r ). Furthermore, as follows from Remark 13.2} the mapping 9 acts continuously 
from S) p to Hp. Hence, passing to the limit in (13.23P we obtain that 

L H = K q , q = <d(H), 

as desired. □ 



Now we are ready to prove Theorem 11.31 The proof also uses the results of [21] and [18] : 
Proof of Theorem As follows from Remark 13.21 the mapping acts continuously from fj p 
to Hp for all p > 1. Therefore, it remains to prove that G is invertible and that the inverse 
mapping 6 _1 acts continuously from Hp to Sj p . 

Denote by the set of all accelerants that are continuous on [—1, 1] \ {0} having a jump 
discontinuity at the origin, and set 

e := eu . 

Then it is proved in [21] that O maps S) onto C([0, l],M r ) one-to-one. Since fj is dense in 
fjp and C([0, 1], M r ) is dense in Hp for all p > 1, the present theorem will be proved if we show 
that 0o _1 can be extended to a continuous mapping from Hp to Sj p . 
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Recalling the results of [18], we find that the mapping 0o _1 can be represented in the 
following way. For an arbitrary q G C([0, 1], M r ) denote by J^ q an integral operator in H with 
kernel K q (see Lemma I2.ip and set 

& q := (J? + X q )- l (J? + X*Y l -J. (3.24) 

Let F q be the kernel of & q . Since the mappings H p 3 q h-> K q G G+(M 2r ) and &+(M 2r ) 3 
urif i — y (J? + — J' G 5f p + (M 2r ) are continuous (see Lemmas 12.11 and [A. 11 respectively), it 

follows that the mapping 12 P 3 q (->■ F q G G p (M 2r ) is continuous as well. 

As follows from Proposition 13. 3[ if q = Q(H) for some H G Sj p , then F 9 = Fjj. By virtue 
of the formula (I3.2ip for F H , the inverse of the mapping $j p 3 H Fjj G G p (M 2r ) is a 
restriction of certain mapping rj : G p (M 2r ) — >■ L p ((— 1, 1), M r ) that can be easily written: write 
F G G p (M 2r ) in the block-diagonal form 



2 \-F21 F 22 

where F ks G G p (M r ), k,s G {1, 2}, and set 



F 21 (-2z-l,l), -l<x<-i, 

[r?(F)](*) := < JT^t 1 ; n 0^^°' (3.25) 

* F 22 (-2x + 1, 1), < x < i, v ; 

F 12 (2x-l,l), §<x<l. 



Now define the mapping T acting from C([0, 1], M r ) to L p ((— 1, 1), M r ) by the formula 

T^^F"), qeC([0,l],M r ). 

Since the mappings 

H p 3 q H- F 9 G G p (M 2r ) 

and 

r/:G p (M 2r ) ^L p ((-l,l),M r ) 

are continuous, we obtain that T acts continuously from P to L p ((— 1, 1), M r ). 
It follows from [18] that 

T(g) = o - 1 (g) 

for all q G C([0, 1], M r ). Therefore, we find that the mapping G>o _1 can be extended to a 
continuous one from £} p to Sj p , as desired. □ 

Theorem 11.31 will find its application in the next subsection, while Proposition 13.31 will also 
play an important role in solving the inverse spectral problem. 

3.4 Condition (B 4 ) 

The main result of this subsection is the following theorem: 

Theorem 3.1 Let q G Q p , p > 1, set \x := \x q and H := (see the definitions U.3\) and 
fll. T\), respectively) . Then H G S) p and q = Q(H). 



In particular, from Theorem 13.11 we immediately obtain the following: 
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Corollary 3.3 For an arbitrary potential q G Q. p , p > 1, the spectral data a q of the operator 
T g satisfy the condition (-84), i.e. G L p ((— 1, l),M r ), /x := 

We prove Theorem 13. II by a limiting procedure using the results of [18] . Before starting the 
proof, we need to establish two auxiliary technical lemmas. 

Lemma 3.3 Let q G p; p > 1. Assume that for all n G N, g n G C([0, l],M r ) ondlim^oo ||g — 
9n||i3p = 0. Then there exist No G N and no £ N such that for any natural N > Nq and n > uq 
the functions m q and m qn have no poles on the circle K N : = {A G C | |A| = tiN + rr/6}. 
Moreover, for all natural N > N , 

lim sup ||m ? (A) — m qn (X)\\ = 0. (3.26) 



u qw " u q 



Proof. It follows from Lemma [2.11 that 

s q (X) = (sinA)/ + F{X)g q , s Qn (X) = (sin A)/ + J p (X)g qn , (3.27) 

where g q ,g qn G L p ((— 1, l),M r ) and J-"(X) is the operator L p ((— 1, l),M r ) — >■ M r acting by the 
formula J r (X)f ■— J^ 1 e lA */(^) d£. Moreover, since q n — > q in the metric of the space P , from 
Lemma I2TTI we also obtain that lim^oo \\g qn — gqW^ = 0. 
Similarly, 

c q {X) = (cos A)/ + J*(A)/i g , c gn (A) = (cos A)/ + T(X)h qn , 

where /i gn G L p ((-1, 1), M r ) and lim^oo ||/i gn - h q \\ Ll = 0. 

Since \\g qn — g q \[Li and \\h qn — hqW^ — > as n — > 00, we find that for every N G N, 

lim sup ||s,(A) - s ?n (A)|| = 0, lim sup ||c 3 (A) - c ?n (A)|| = 0. (3.28) 
\eK N n ^°° \&K N 

Now let us establish some estimates for ||s g (A) _1 || and ||s gn (A) _1 || as A G K N . 

By virtue of Lemma \K.2\ we obtain that there exists N\ G N such that for all natural 

N > Ni, 

e-l ImA l||^(AK|| <i XeK N . (3.29) 

In the meantime, using the expansion of sin A as an infinite product we note that | sinA| > 
I sin |A||, A G C, and thus | sin A| > | as A G K^. Moreover, as | Im A| > In 2 we arrive at the 
estimate 

IsinAI = i|e iA -e- iA | > - e |ImA| , 
1 2 1 ~ 4 

while as | ImA| < In 2, AG Kn, we have 

| sin A|>i>i e l ImA l. 
1 2 4 

Thus, I sinA| > \ e' ImA ' as A G K N . Using this estimate together with f )3.29p . we obtain from 
(E2ZD that 

lk(A) -1 || < 1 . t^iWts I, <4, A G K N , N > Ni. (3.30) 
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Similarly, since \\g Qn - g q \\ Ll ->■ as n -> oo and ^(A)^ - g q )\\ < e^ lm ^\\g qn - g q \\ Ll , we 
obtain that there exist n G N and N 2 G N such that for all natural n > n$ and N > N 2 , 

e-l ImA l||^(A)^|| < e-l ImA l||^(A)^|| +e-l ImA l||^(A)(^ -^,J|| < | 
as A G K^. Therefore, for all natural n > Uq, 

Ws^X)-^ < z , . feArFTTN n < 4 > XeK N ,N>N 2 . (3.31) 



Hence we conclude that the functions m q and m qn , n > n , have no poles on Kn as 
N > Nq := max{A^i, N 2 }. Moreover, it follows from the definitions of m q and m qn that 

\\m q (X) - m qn (X)\\ = ||- Sq (Ar 1 c f ,(A) + ^(A)- 1 c 9 „(A)|| 
< IKXXy'W ■ \\c q (X) - c qn (X)\\ + \\c q (X)\\ • H^(A)- 1 - 5 ? „(A)- 1 ||. 

Since 

IK(A)- 1 - s?n(A) _1 || < |MA)- X || ■ \Mx) - s gn (x)\\ ■ iMxyX 

taking into account (13.281) . (I3.30P and (I3.3ip we arrive at the equality (I3.26p . □ 
We use the preceding lemma to obtain the following auxiliary result: 

Lemma 3.4 Let q G 0. p , p > 1. Assume that for all nGN, q n G C([0, 1], M r ) and lirn^oo \\q — 
QnWiip — 0- Then for all f G S r (see Appendix IA\) such that supp/ C [—1, 1], 



Hm(^ n ,/) = (^,/), 

where fi qn and fi q are the spectral measures of the operators T qn and T q , respectively. 

Proof. Let (a>j, Xj)j e % and (aij >n , Xj :n )j & z be the spectral data of the operators T q and T qn , 
respectively. Then for all / G S r , supp/ C [—1, 1], 

oo oo 
j=— oo k=—oo 

where /(A) is defined by (11.61) . Since / G <S r and for all n G N the norms ||<x,- )n ||, j G Z, are 
uniformly bounded (see (13.21) ). it suffices to show that there exists No G N such that for all 
natural N > N , 

lim Y] <Xj,nf{Xj,n) = Y oijfiXj). (3.32) 



n— >oo 

[A iin |<jriV+f \Xj\<wN+ 
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Note that for fixed N G N both the left and right parts of (13.321) depend only on the 
values of / on some (large enough) finite interval. Since the function / G S r can be uniformly 
approximated by "polynomials" from V r (see Appendix |AJ on any finite interval, (I3.32p will 
be proved if we show that 



for an arbitrary P G V r . 



n—>oo 

\*j,n\<*N+% |A 3 |<7r7V+f 
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Since the functions m q and m qn have only poles of first order at points Xj and Xj ifl , respec- 
tively, by virtue of the asymptotics (13. ip and Lemma 13.31 we find that 



^ n P(X hn ) = ^r i f m qn (X)P(X) dA 

I ^ Mi 7T J 



|A,, n |<^V+£ Rn 

and 



a j P{\ j ) = ± l Im q (X)P(X)dX 



[A 3 -| <7 riV+f g 

for large values of N, where := {A G C | |A| = ttN + vr/6}. Hence it is enough to prove 
that there exists Nq EN such that for all natural N > N , 

Km / m qn (X)P(X) dX = -L / m 3 (A)P(A) dA. 

n->oo 27T1 J Z7T1 ,/ 



n— »oo 



But this claim follows directly from (I3.26p . and thus the proof is complete. □ 

Now we can use Lemma 13.41 to prove Theorem 13.11 
Proof of Theorem IJ.il Let q E 0. p , p > 1. Assume that for all n E N, q n E C([0, 1], M r ) and 
II? — ?n||n p = 0. Let /x g and fi qn , n E N, be the spectral measures of Dirac operators 
T q and T qn , respectively. Then from Lemma 13.41 we obtain that for all f E S r such that 
supp/ C [-1,1], 

\im(H, qn ,f) = (H, q ,f). (3.33) 
It follows from [18] that for all n E N, H^ qn E and that H^ qn = Q^ 1 (q n ). Hence (I3.33P reads 

lim (Q- 1 (q n )J) = (H llq J). 

n— >oo 

From the other side, since 9 _1 acts continuously from H p to Sj p , we observe that for all / E S r , 
supp/ C [-1,1], 

lim (e- 1 (g n ),/) = (e- 1 (g),/). 

n— >oo 

Thus we obtain that for all / E S r , supp / C [—1,1], 

(H, q ,f) = (Q-\q),f), 

i.e. H^ q = _1 (g), as desired. □ 

Thus, so far we have proved that for an arbitrary potential q E 0. p , p > 1, the spectral data 
a q of the operator T q satisfy the conditions (Bi)-(B^). This is the necessity part of Theorem ll.il 
The next section is devoted to establishing its sufficiency part and solving the inverse spectral 
problem for the operator T q . 



4 Inverse spectral problem 

In this section we finish the proof of Theorem 11.11 and prove Theorems 11.21 and ll.4[ and thus 
solve the inverse spectral problem for the operator T q . Namely, we show that if a sequence 
a := ((Xj, atj))j e z satisfies the conditions (5i)-(5 4 ), then there exists a unique potential q E 0. p 
such that a = a q . Theorem II .41 then suggests a method how to reconstruct this potential from 
the spectral data. 
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4.1 Proof of Theorems 11.11 and 11.41 

Here we prove that if a sequence a satisfies the conditions (Bi)-(B4), /i := fi a and H := H^, 
then H G Sj p and a = a q for q = 0(H). This is the sufficiency part of Theorem 11.11 and the 
proof of Theorem 11.41 

We start from the following technical but nevertheless important lemma: 

Lemma 4.1 For an arbitrary sequence a := ((Aj,<x,-))j e z set fi := /x° and H := H^. If H G 
L p ((— 1, l),M r ), p > 1, iaen iae following equality holds true: 

N 

J? + ^ H = s-lim ]T ^(A.K^A,), (4.1) 

iV— >oo ^— ' 

j=—N 

where G ^ p (M 2r ) an integral operator in HI wit/i kernel Fh given by \3.21\) and the 
operators $o(A) : C r — >■ EI are groen by \2.19i) . 

Proof. Given an arbitrary sequence a := ((Xj, (Xj))j e z, set /i := /z a , H := H^, and assume that 
H G 1, 1), M r ). Denote by J$? an integral operator in L 2 ((0, 1), C r ) acting by the formula 

i 

(J?f)(x) := f H{x - t)f(t) dt, x G (0, 1), 
o 

and let X stand for the identity operator in L 2 ((0, 1), C r ). 

Let us show that the operator X + is unitarily equivalent to + J^#. Indeed, consider 
the unitary transformation V : L 2 ((0, 1), C r ) — > HI given by the formula 

(Vf)(t) := (/(£)) > / e L 2((0,l),C r ). 

Then a simple verification shows that 

y + ^ H = V(l + Jt?)V-\ 
Furthermore, we find that for all j G Z, 

$o(A i )a i ^(A 3 ) = 7* (A i )o,-*S(A i )V- 1 , 
where for an arbitrary A G C the operator \l/o(A) acts from C r to L 2 ((0, 1), C r ) by the formula 

[*o(A)c](aj) :=e 2iXx c, 
^o(A) := [^o(A)]*. Hence, in order to prove (14. ip it suffices to show that 



AT 

X + = s-lim V ^ (A,>,^*(AA (4.2) 

TV— s>oo ' J 
j=-N 

Firstly, we observe that (14. 2 p holds true on the set of smooth functions / G S r . Namely, 
let / G S r , supp / C [0, 1]. Then, by virtue of definitions (11.61) and (JTTTJ) , we have that for an 
arbitrary but fixed x G (0, 1), 

l l 
[(X + J?)f](x) = f{x) + j H(x- t)f(t) dt = f{x) + J H(s)f(x - s) ds 



-1 

1 „ 1 



aj J e 2iX ^ s f(x -s)ds= «i J ^ {x - t] f{t) dt, 



j=-co _ 1 J=-oo q 
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noting that the series in the last two expressions are convergent because / G S r . Thus we 
conclude that for all / G S r , supp / C [0,1], 



JV 

(X + Jf)/ = lim V ^(AjOa^S^i)/- (4-3) 

iV— >oo ' 



-iV 



Since {/ G <S r | supp / C [0, 1]} is dense everywhere in L 2 ((0, 1), C r ), in order to finish the 
proof it remains to show that there exists the limit s-limjv^oc ^2f = _ N Cj, where the operators 
Cj, j G Z, act in L 2 ((0, 1), C r ) by the formula 

Cj := ty (\j)ajV* Q (\j). 

To this end, note that for every j G Z the operator Cj is self-adjoint and non-negative, and 
that (g3D implies that for all iV G N, 

N 

Cj<x + je. 

j=-N 

Therefore, from well-known theorem on convergence of monotonic sequence of non-negative 
self-adjoint operators (see, e.g., [2S1 Chapter IV, §2]) we obtain that the sequence J2f=-N 
N G N, is convergent in the strong operator topology. Hence (14.21) follows, and thus the proof 
is complete. □ 

Now, the following observation will serve as a part of Theorem 11.41 

Lemma 4.2 Let a sequence a satisfy the conditions (B3) and (B4), set \x := fi a and H := H^. 
Then H G Sj p . 

Proof. Firstly, it follows from the condition (.B4) that H G L p {{— 1, 1), M r ). Construct the 
function Fh G G p (M 2r ) by formula (I3.2ip and let j^jy G £f p (M 2r ) be an integral operator in 
EI with kernel Fh- Taking into account Lemma IB.lt we find that the present lemma will be 
proved if we show that + &h > 0. 
It follows from Lemma [4.11 that 



N 

y + ^ H = s-lim V <Z> Q (\j)aj$* (\j). 

TV— >oo ' * 

j=-N 



Therefore, since for every j G Z the operator <f>o(\j)ctj'f>Q(\j) is non-negative, it follows that 
+ &h > 0. Hence, since the operator &h is compact, we obtain that .J? + > if and 
only if ker(^ + &h) = {0}. Now taking into account that for all j G Z, ker $o(-\j) = {0}, we 
find that 

(00 \ 00 

j=—oo / j=—oo 

where X is the set from the condition (.B3) defined by (13.201) and the unitary mapping U : 
L 2 ((— 1, 1), M r ) — > H acts by the formula 

(Uf)(x) = (f(x), f(-x) ) T , XG(0,1). 
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Since, by virtue of the condition (B 3 ), X L = {0}, we obtain that ker(y + = {0}, as 
desired. □ 



Now, given an arbitrary sequence a satisfying the conditions (Bi)-(B±), set fi : = H :- 

q := 0(H). 



Hfj, and 



For all j e Z define the operators 

Paj := ^MajQfa). (4.4) 

Remark 4.1 By this construction, if a = a q for some q G Q. p , then P a j = P q j, i.e. P a j is an 
orthogonal projector of the operator T q corresponding to the eigenvalue Xj(q) (see Theorem \2.1\ 
parts (Hi) and (iv)). 

According to (14.41) . for every j G Z the operator P a j is self-adjoint non- negative operator of 
finite rank. If we show that {P a ,j}jez is a complete system of orthogonal projectors, then the 
same arguments as in [T71 [18] will lead us to the desired equality a = a q , q = 0(H). 

We start from proving completeness of {P a ,j}jez, which is a direct consequence of Proposi- 
tion [33J 

Lemma 4.3 Let a sequence a satisfy the conditions (Bi)-(B^), set \i := fi a , H := H^ and 
q:=0(H). Then 



N 

s-lim V P ai = J. (4.5) 

j=-N 



Proof. Let the assumptions of the present lemma hold true. Construct the function Fjj G 
G p (M2r) by formula (I3.2ip and denote by &h G & p (M2 r ) an integral operator in H with kernel 
Fh- It follows from Proposition 13.31 that 

J + & H = {J + ^ q r l (y + X,T\ q = ®(H), (4.6) 

where J^ q G £f p + (M2 r ) is an integral operator in EI with kernel K q (see Lemma [2.ip . From the 
other side, observing that by virtue of Lemma 14.11 



JV 

J + & H = s-lim V Qo^a^iXj), (4.7) 

N— >oo ' 
j=-N 



and recalling that $ 9 (A) = (J? + Jf q )$o(\) (see (12. 9p ). by virtue of the equalities (14.61) and 
(HTTP we arrive at (143]) . □ 

Next we prove that {P a j}j£Z is a system of pairwise orthogonal projectors. Again, as in 
solving the direct spectral problem, the proof uses Lemma 13.21 and the theory of Riesz bases. 

Lemma 4.4 Let a sequence a satisfy the conditions (Bi)-(B^), set \i := fi a , H := H^ and 
q := 0(H). Then {P a j}jez is a system of pairwise orthogonal projectors. 

Proof. As in the proof of Proposition 13.21 for an arbitrary j G Z we denote by {^fc}^^" 3 a 
system of pairwise orthogonal vectors in C r such that 

rank a, 



k=l 
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Then, taking into account (I4.4p . we obtain that 



rank ctj 



fc=i 



The present lemma will be proved if we show that the system 

A := {f hk \jeZ, 1 < k < rank a,, } 

is a Riesz basis for the space EL Indeed, from the equality ( 14. 5 p we then obtain that for an 
arbitrary function f h 

oo rank ctj 

{fs,l\fj,k)fj,k = f a,li 

j = oo fc=l 

which implies the equalities {fjklfjk) = 1 anc ^ (fsi\fj,k) = as (s, /) ^ (j,k). Therefore, 
Pa,sPa,j — as s 7^ j, and thus {-P a j}jez is a system of pairwise orthogonal projectors. 

Hence it remains to prove that A is a Riesz basis for EI. To this end, it suffices to show 
that the system 

B := {e iX ^v jtk \jeZ, 1 < k < rank a, } (4.8) 

is a Riesz basis for the space % : = L 2 ((— 1, 1), C r ). Indeed, introduce the unitary mapping 
U : H — > H acting by the formula 

(Uf)(t) = (f(-t), /(t)) T , te(o,i), 



IS 



and note that U maps e jX Vj^ to &o(^j) v j,k f° r all j G Z, 1 < A; < rank a,-. Therefore, if B i 
a Riesz basis for H, then the system 

Ao := {^o(Aj)vj,fe | j € Z, 1 < k < rankaj} 

is a Riesz basis for EL Then, since $ ? (A) = (J^ + J^)$o(A) and + ^ is a homeomorphism 
of the space EI, we obtain that A remains a Riesz basis for H, as desired. 

Thus let us show that Bo is a Riesz basis for %. We do this by applying Lemma 13.21 and 
Theorem 10.21 Firstly, observe that by virtue of the conditions {B{) and (-62); there exists 
N eN such that for all n e Z, \n\ > N Q , 



2^ rank ctj = r. (4-9) 



Indeed, it follows from the condition (Bi) that there exists Nq € N such that 

< 1, Inl > iVo- 



A,eA n 



a 3 



Hence, J2x eA rank a? > r as \n\ > Nq. Moreover, by virtue of the condition (B 2 ), N can be 
taken so large that 



N 
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for all natural iV > Nq. Therefore, Y2x eA„ ran k otj + 52a eA_ ran ka.,- — % r as \ n \ > No, and 
thus we arrive at (14. 9p . 

Now, since a sequence a satisfies the condition (Bi) and for all n G Z, |n| > A/" , the 
equality ( 14. 9 p holds true, we find that the conditions of Lemma 13.21 are satisfied. Therefore, 
from Lemma 13.21 we obtain that there exists a large enough natural N > N such that the 
system Sn U Bn, where 

S N ■= \ —e i7rnt e s IneZ, \n\< N, s = 1, . . . , 



V2 
and 

Sat := {e Uj 'Vj )fc | Xj G A n , |n| > iV, 1 < k < rank a, } , 

is a Riesz basis for the space %. 

Finally, observe that by virtue of the condition (B 3 ), the system B is complete in %. 
Moreover, since B^ C B and, by virtue of the condition (B 2 ), the finite systems 

B \B N = {e iX ^v j)k | Xj G A n , |n| < N, 1 < k < ranka^} 

and £n consist of the same number of elements, we find that Bo is quadratically close to Sn^Bn- 
Then it follows from Theorem IC.2I that Bo remains a Riesz basis for TL, as desired. □ 

Now we are ready to prove Theorem 11.41 

Proof of Theorem \l-4\ Firstly, it follows from Lemma 14.21 that if a sequence a satisfies the 
conditions (Bi)-(B4), \i := fi a and H := H^, then H G S) p . Thus, it only remains to prove that 
a = a q for q = Q(H). 

The proof of this claim repeats the technique that was suggested in [17]. Namely, as in 
[T7| ITS] , we observe that it is enough to prove the embedding 

R&nP a>j C ker(T g - \ 5 J), J G Z, (4.10) 

where the operators P a j are given by (14.41) . Indeed, taking into account completeness of 
{P a ,j}jez, from (I4.10p we immediately conclude that Xj = Xj(q) for all j G Z, where Xj(q) 
are eigenvalues of T q . Now, from this equality and from (I4.10p we obtain that P q j — P a j > 0, 
j G Z, where P q j are the orthogonal projectors of the operator T q (see Theorem 12. ip . Howev- 
er, taking into account completeness of the systems {P a ,j}jez an d {Pq,j}jez, we observe that 

Y^jL-oa(P<iJ ~ P a d) = 0' anc ^ ^ nus PqJ ~ = ^ or a ^ j e ^- Therefore, recalling the 
representation (I2.14p for P q j, we find that 

%(X J ){a J (q)-a,}%(X J ) = 0, j G Z, 

and taking into account (12.111) we arrive at aj = cij(q). Together with Xj = Xj(q) this means 
that a = a q , as desired. 

Now let us prove (14.10)) . Firstly, from the definition (I4.4j) of P j we obtain that 

RanPnj = {<fq(-, Xj)ajC \ c G C r }. 

From the other side, it follows from Lemma 12.21 that 

ker(Tg - XjJ) = {ip q {-, Xj)c \ aip q (l, Xj)c = 0}. 

Therefore, it suffices to show that a(p q (l, Xj)aj = 0. The proof of this claim is technical and 
literally repeats the proof in [18] . □ 
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Finally, the proof of Theorem 11.11 is straightforward: 
Proof of Theorem li.il Firstly, by virtue of Propositions 13.11 13.21 and Corollaries 13.21 13.31 we 
have that for all q G 0. p , p > 1, the spectral data a q of the operator T q satisfy the conditions 
(Bi)-(B±). This is the necessity part of Theorem 11.11 Conversely, if a sequence a satisfies the 
conditions (-Bi)— (-64), /x := fi a and H := H^, then it follows from Theorem 11.41 that H G Sj p 
and a = a q for q = Q(H). This is the sufficiency part of the theorem. □ 



4.2 Proof of Theorem Q 

Thus it only remains to prove Theorem 11.21 stating that the spectral data of the operator T q 
determine the potential q uniquely. The proof of this claim repeats the proof in [TS] : 

Proof of Theorem li.M Evidently, the theorem will be proved if we prove the implication 
a qi = a q2 => q\ = c?2- Therefore, let 91,92 G Q p , p > 1, and assume that a 9l = a 92 =: a. Let us 
show that qi = q 2 . Set H := H^, \i := /i a , and construct the function F H G G p (M 2r .) by the 
formula (I3.2ip . Denote by G £f p (M 2r ) an integral operator in H with kernel Fjj. Since 

JV 

S + & H = s-lim ]T ^(A.K^A,), 

j=-iV 

by virtue of the equalities ([22]), fl2TT3l) and f[2TT4j) we find that 

J + J? H = (S + V + ^T 1 = + + Xn*Y l , 

where J(f qj is an integral operator in EI with kernel K q ., j = 1,2. Since the operator J* + &h 
may admit at most one factorization in £f p (M 2r ), we arrive at the equality 



Thus it remains to prove the implication J(f qi = =>- q± = q 2 . By virtue of (12.21) and (I2.5p . 
this can be obtained from the uniqueness theorem repeating the proof in |18j . □ 
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A Spaces 

Here we introduce several spaces that are used in this paper. 

For an arbitrary p > 1 we denote by G p (M r ) the set of all measurable functions K : [0, l] 2 — > 
M r such that for all x and t in [0, 1] the functions K(x, •) and K(-,t) belong to L p ((0, l),M r ) 
and, moreover, the mappings 

[0, K(x, •) G L p ((0, 1), M r ), [0, 1] 3 t h-> K(-, t) G L p ((0, 1), M r ) 

are continuous. The set G p (M r ) becomes a Banach space upon introducing the norm 

\\K\\ G =max\ max \\K(x,-)\\ L max : \\K(-, t)\\ L \. 

[xe[o,i] p *e[o,i] J 
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We denote by & p (M r ) the set of all integral operators in L 2 ((0, l),C r ) with kernels K G 
G p (M r ) and endow & p (M r ) with the norm 

:= ||iq Gp , jtre%(M r ). 

The space & p (M r ) forms a subalgebra in the algebra of compact operators in L 2 ((0, 1), C r ). 
We set 

tt := {(x, t) | < t < x < 1}, Q~ := [0, l] 2 \ ft, 

and write (M r ) for the set of all functions K G G p (M r ) such that K(x,t) = a.e. in f2~, 
and G-(M r ) for set of all K G G p (M r ) such that K(x,t) = a.e. in ft. By ^(M r ) we denote 
the subalgebras of ^ p (M r ) consisting of all operators G £f p (M r ) with kernels .K" G Gp(M r ). 

Let stand for the identity operator in /^((O, 1), C r ). Then the following lemma is estab- 
lished in [T7] for the case p = 2. However, its generalization to the case of an arbitrary p > 1 
is straightforward: 

Lemma A.l For all p > 1, the mapping J?T h-> + J^T) -1 — acts continuously in & p + (M r ). 
We denote by V the set of all polynomials over complex numbers and set 
V r :={(/i,..., /,) T | /,-£?, J = l,...,r}, rGN. 

We denote by S the Schwartz space of smooth functions / G C°°(R) whose derivatives (including 
the function itself) decay at infinity faster than any power of i.e. 

S ■= {/ g C°°(R) | x a D?f(x) -> as |x| -> oo, a, /3 G N U {0}}. 

Similarly, we set 

S r := {(/i, . . . , / r ) T | /,G<S, j = l,...,r}, rGN. 

Also, we formulate here the following refined version of the Riemann-Lebesgue lemma that 
is mentioned, e.g., in [T9"] : 

Lemma A. 2 Let g G Li((-1, 1), Af r ). Taen 

i 

lim e" |ImA| I e iXt g(t) dt = 

-1 

m i/ie metric of the space M r . 

B Factorization of integral operators 

In this appendix we recall some facts from the theory of factorization of integral operators (see 
[271 EH]), which are also mentioned in [T6l [T7J [18] . See also [29] for the details. 

We say that an operator J? + J^~, where & G & p (M r ), p > 1, admits a factorization in 
^ p (M r ) if there exist the operators „Sf + G ^ p + (M r ) and JS?" G ^~(M r ) such that 

J? + & = (J? + ^ + )-\^ + (B.l) 

If is self-adjoint, then Jzf~ = (Jz? + )* . This follows from uniqueness of ££ ± (see Theorem lB.il 
below) . 

The following two theorems are established in [2JJ[28] for the case p — 2. Their generalization 
for the case of an arbitrary p > 1 is mentioned in [16] . 
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Theorem B.l If J? + & ' , & G £f p (M r ), admits a factorization in & p (M r ), then the corre- 
sponding operators = =Sf ± ( t ^ r ) in the representation W. 1\) are unique. Moreover, the set 
of operators & G & p (M r ), such that J> + & admits a factorization, is open in & p (M r ) and the 
mappings 

%(M r ) 3&^> G %(M r ) 

are continuous. 

Theorem B.2 An operator J* + & , G @ p (M r ), admits a factorization in & p (M r ) if and 
only if: (A) the operators J? + Xa-^Xa have trivial kernels for all a G [0, 1], where Xa is an 
operator of multiplication by the indicator of the interval [0, a], i.e. 

rv f s M ._ / f(x), x G [0,a], 
{Xaf)[x).-< ^ xe ^ x y 



If an operator & is self-adjoint, then the condition (A) is equivalent to positivity of J" + 



Now we are interested in a connection between Krein's accelerants (see Definition 11.21) and 
factorization of some integral operators. 

Let H G L p {{— 1, 1), M r ), p > 1, be an arbitrary function such that H(—x) = H(x)* for 
almost all x G (—1, 1). Denote by J4? an integral operator in L 2 ((0, 1), C r ) acting by the formula 

i 

(Jff)(x) := J H(x - t)f(t) dt, x G (0, 1). 
o 

Now set 

H:=L 2 ((0,l),C r )xL 2 ((0,l),C r ). 

Let X stand for the identity operator in L 2 ((0, l),C r ) and J? for the identity operator in H. 
Then the following lemma holds true: 

Lemma B.l Let H G L p ((— 1, 1), M r ), H(—x) = H(x)* for almost all x G (—1,1), and let 
&h £ &p{M 2r ) be an integral operator in H with kernel Fh G G p (M 2r ) taking the form 

= 5 (/(3S) #(-?))■ o^.^ 1 - 

Then the following statements are equivalent: 
(i) the operator X + Jt? admits a factorization in & p (M r ); 
(ii) the operator J* + &n admits a factorization in & p (M 2r ); 
(Hi) the function H is an accelerant, i.e. H G S) p ; 
(iv) the Krein equation 

X 

B (*, t ) + ^- t ) + / M (*- S )d S = 0, M en, (B.2) 



is solvable in G p (M r ). 
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Proof. Let us establish the equivalence of (i) and (ii). Firstly, observe that both operators 
X + J4? and J? + &n are self-adjoint, and therefore both of them admit a factorization if and 
only if they are positive. Now consider the unitary transformation V : ^((0, 1), C r ) — > HI given 
by the formula 

(Vf)(t) := ^ jXj) , / G i 2 ((0, l),C r ), 

and verify that 

y + ^ H = V(l + J^)V-\ 

Therefore, the operators X + 3ft 1 and ^ + are unitarily equivalent, and hence I + ^ > 
if and only if J? + > 0. Thus the equivalence of (i) and (ii) follows. 

The equivalence of (ii) and (Hi) obviously follows from Theorem IB. 21 and Definition 11.21 
Finally, the equivalence of (ii) and (iv) is proved in [IB] . □ 

For an arbitrary accelerant H G a solution of the Krein equation (IB. 21) is unique, and 
we denote it by Rh- The mapping $) p 3 H ^ R H g (M r ) is continuous (see [16J). 



C Riesz bases 

Here we state some facts from the theory of Riesz bases. 

Definition C.l We say that two bases (x n ) n ^ and (y n )neN in a Banach space X are equivalent 
if there exists a bounded and boundedly invertible operator T : X — > X such that Tx n = y n 
for all n G N. A basis for a Hilbert space "H is called a Riesz basis if it is equivalent to some 
orthonormal basis for %. 

We set 

U:=L 2 ((-l,l),C r ) 
and endow ~H with the inner product 

i 



(/!»)«:= J(f(t)\g(t)) C rdt, f,gen. 



-i 



The set "H with the inner product (-|-)« becomes a Hilbert space. Throughout this appendix 
we denote by / the Fourier transform in 7-L given by 



i 



f(n):=^=Je-^ nt f(t)dt, n G Z, / G U. 
-l 

We start from a certain analogue of well-known Kadec's 1/4-theorem (see, e.g., [501 Chapter 
1]). Let £ := (£ n )nez be a non- decreasing sequence of real numbers such that 

lim £ n = +oo, lim £ n = — oo, 

n— >+oo n— >— oo 

and let v := (f n )nez be a sequence of non-zero vectors in C. Consider the system of functions 

£(£,v) := {e if "V | n G Z} 

in the space We are interested in finding conditions guaranteeing that the system <§ := 
S{^,v) forms a Riesz basis for the space %. 
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Definition C.2 We say that the system <S enjoys the condition (Rq) if for all n £ Z the 

numbers £ n k := £ nr +fc, = 1, . . . , r, belong to the interval 



. , 7T 7T 

-A,, := 1 7rn — -,7m + — 



and the vectors v n , k := v nr+ k, k = 1, . . . , r, form a basis for C r . 

With an arbitrary system $ enjoying the condition (Rq) we associate two sequences (A n ) ne z 
and (B n ) n( z Z of bounded linear operators in C r acting by the formulae 



where (e^.) r k=1 is a standard orthonormal basis for C r . 

Definition C.3 We say that the system <% enjoys the condition (Ri) if it enjoys the condition 
(Rq) and, moreover, 

sup \\A n — Tml\\ < In 2 

and 

supdl^H + H^- 1 !!) <oo. (C.l) 

Theorem C.l If the system § enjoys the condition (R\), then it forms a Riesz basis for the 
space H. 

Proof. Denote by Sq an orthonormal basis in the space % given by 

1 



£q:= ^^=e innt e k | n £ Z, k = l,...,r 

The present theorem will be proved if we show that there exists a bounded and boundedly 
invertible operator S : H — > H that maps -^e lnnt €k to e^ n - kt v n ^ for all n £ Z, k — 1, . . . , r. 

To this end, consider the operators S and Sq that are defined on the linear span lin^ by 
the formulae 

OO oo 

(Sf)(t) = J2 ^ Ant Bnf(n), (S f)(t) = -= £ 

n=— oo v n=— oo 

/ £ lin^o- Observe that 

S (-1=^%^ = e u ^B n e k = e iA "V, fc = ^' kt v n , k 

for all n £ Z, A; = 1, . . . , r, and that the equality S = SqB takes place, where B : 7-L — > % acts 
by the formula 

(Bf)(n) = V2B n f(n) } n £ Z. 

Since continuity and invertibility of the operator B follows from the condition flC.lj) . it suffices 
to show that the operator 

Bf:=S f-f, /£lin4, 

has the norm less than 1. 
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Set A n := A n — Tcnl, fiGZ. Since 



I) = e lnnt J2 



k=l 



(iA n t) k 
k\ 



and 



we find that 



oo 



V2||^o/-/|| 



£ e i7m *(e Mn * - 7)/(n; 



oo oo 



n=— oo fc=l 



oo 
k=l 



k\ 



< 



H 



OO j 

fc=l 



n=— oo 
1/2 



£ |K/(n)|| 2 <v^ 



fc=i 



where <5:=sup neZ ||A n || < In 2. Therefore, \\S f-f\\ < (e*-l)||/||, i.e. \\S -^\\ <e 5 -l < 1, 
as desired. □ 

Definition C.4 Two sequences of vectors (f n )nez an d (g n )nez in o, Hilbert space are said to be 
quadratically close if 



The following theorem is a simple consequence of Theorem 15 in [30, Chapter 1]: 

Theorem C.2 Let (/ n ) ne z be a Riesz basis for H. If (g n ) ne z is complete and quadratically 
close to (/ n )ngz, then (g n ) ne z is a Riesz basis for %. 
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